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Classical results

Throughout G will be a graph with bounded (finite) maximum degree
A(G).

@ & connected graph is one-ended if for every finite F < V(&) the
induced subgraph on V(G) " F has one infinite component. )<
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Classical results

Throughout G will be a graph with bounded (finite) maximum degree
A(G).

@ & connected graph is one-ended if for every finite F < V(&) the
induced subgraph on V(G) " F has one infinite component.

¢ If G has a one-ended spanning trees, there's an easy proof that

¥(G) = A(G).

@ Halin [1964): Every countable connected graph has an
end faithful spanning tree.
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Classical results

Throughout G will be a graph with bounded (finite) maximum degree
A(G).

@ & connected graph is one-ended if for every finite F < V(&) the
induced subgraph on V(G) " F has one infinite component.

¢ If G has a one-ended spanning trees, there's an easy proof that

¥(G) = A(G).

@ Halin [1964): Every countable connected graph has an
end faithful spanning tree.

Can we find definable analogs of the abowe?
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Borel graphs and Baire measure

Fix from now on a Polish space (X, 7).
» A graph G with V(&) = X is a Borel graph if E(G) C X* is Borel.

# A subset of A C X is nowhere dense if A has empty intericr, it is
meagre if it is a countable union of nowhere dense sets, and it is

Baire measurable if there is an open set U and meagre set M with
A=04AM.

@ We say that & is one-ended if each of its connected components is.

w We say that & admits a one-ended spanning tree generically if
there is a G-invariant comeagre Borel set X' and a Borel T C G|yr
such that T is acyclic, one-ended, and spans each & component that
it meats.
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Known results

@ (Conley, Marks, Tucker-Drob '16) Any Borel graph G with no 0 or 2
ended components has a one-ended spanning subforest generically.

4 This implies the Baire measurable Brook's theorem.



Known results

@ (Conley, Marks, Tucker-Drob '16) Any Borel graph G with no 0 or 2
ended components has a one-ended spanning subforest generically.

4 This implies the Baire measurable Brook's theorem.

@ (Timar "19. Conley, Gaboriau, Marks, Tucker-Drob "21) Every
one-ended Borel a%h&s a one-ended spanning tree a.e.

gak This is useful for showing that d-regular bipartite

Y I:E.. Kun. 5a
graphs have Borel perfect matchings a.e.. and that 2d-regular graphs
admit Bosel balanced arientations.
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» (B., Poulin, Zomback "22+) Every hnundechegree Borel graph
admits a one-ended spanning tree genercally.
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MNew results

» (B., Poulin, Zomback "22+) Every bounded degree Borel graph
admits a one-ended spanning tree genercally.

« This is wery useful for showing that o-regular bipartite graphs have
Borel perfect matching generically, and 2d-regular graphs have Barel
balanced arientations generically.
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toasts

Definition
A borel family of sets T C V([G)™™ is a toast if it satisfies properties (1)
and (2) of the below definition, and it is a connected toast if it also

satisfies property 3:
@ Uxer E(K) = E(G),
@ for every pair K. L £ T either (M(K) UK)NL=0or KUN[K)C L
or LUN(L) CK,
@ for every K © T the induced subgraph on K UH werLlis mnnected
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toasts

Definition
A borel family of sets T C V([G)™™ is a toast if it satisfies properties (1)
and (2) of the below definition, and it is a connected toast if it also
satisfies property 3:

Q@ Uger E(K) = E(C),

@ for every pair K. L £ T either (M(K)UK)NL=0or KUN(K) C L,

or LUN(L) CK,
@ for every K © T the induced subgraph on K, U:-.’,'-L.: r L is connected.

i

# (Brandt, Chang, Grebik, Grunau, Rozhan, Vidnyanszky 21°) Every
bounded degree Borel graph admits a toast generically.

w (B., Kun, Sabok ‘21) Every one-ended Borel graph admits a

connected toast a.e. //ﬂ/ /"/% 2






connected toasts generically

-

Thearem (B., Poulin, fomback 224

Every one-ended bounded degree Borel graph admits 3 connected toast
generically.

@ Fix a toast T and order elements of T by inclusion, where T} is the
set of minimal elements, etc.

@ For every L £ T} there is an m £ w and L K € T, such that K L
is connected. : i ered by level m.
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connected toasts generically

-

Thearem (B., Poulin, fomback 224

Every one-ended bounded degree Borel graph admits 3 connected toast
generically.

@ Fix a toast T and order elements of T by inclusion, where T} is the
set of minimal elements, etc.

@ For every L £ T} there is an m £ w and L K € T, such that K L
is connected. Here, we say L is covered by level m.

@ For some m {x £ L € Ty : L is covered by level m} is non-meagre in
L. Call the family of such L tiles A

K
Lo
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toast proof continued

» By the php we can choose one A} tile from each maximal T..,, tile so
that the chosen tiles are still non-meagre in LY. Call the chosen family

of tiles 4 \
B -
©) (&
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toast proof continued

» By the php we can choose one A} tile from each maximal T..,, tile so
that the chosen tiles are still non-meagre in LY. Call the chosen family
of tiles _4;

@ the induced subgraph on X '\ V(.4,) is still one-ended.

S O
% e
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Any one-ended bipartite d-regular Borel graph admits a Borel perfect
matching generically.

1B /' 2%



Any one-ended bipartite d-regular Borel graph admits a Borel perfect
matching generically.

» A fractional perfect matching = a function o : E{G] — [0. 1] such
that 3, -, o(e) =1 for all v £ V(G).

/
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Any one-ended bipartite d-regular Borel graph admits a Borel perfect
matching generically.

» A fractional perfect matching = a function o : E{G] — [0. 1] such
that 3, -, o(e) =1 for all v £ V(G).

% is a fractional perfect matching.

» Let F{z) = a 10, 1).
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Any one-ended bipartite d-regular Borel graph admits a Borel perfect
matching generically.

» A fractional perfect matching = a function o : E{G] — [0. 1] such
that 3, -, o(e) =1 for all v £ V(G).

@ o = % is a fractional perfect matching.
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» Let F{z) = a 10, 1).

# F() has no leaves.
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Any one-ended bipartite d-regular Borel graph admits a Borel perfect
matching generically.

» A fractional perfect matching = a function o : E{G] — [0. 1] such
that 3, -, o(e) =1 for all v £ V(G).

@ T = % is a fractional perfect matching.

» Let F{z) = a 10, 1).

<
# F() has no leaves. \Z 7(,&

e We can always fix one edge on a cycle 5ﬁ'
S
A<
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matchings proof

Let T be a connected toast. For every L £ T; there is an m £ w, an
LC K e T.m. and a fractional matching o' such that

@ o'(e) £ {0.1} for all e £ E(L).

@ o'(e) = o(e) for all e ¢ E(K).
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matchings proof

Let T be a connected toast. For every L £ T; there is an m £ w, an
LC K e T.m. and a fractional matching o' such that

@ o'(e) £ {0.1} for all e £ E(L).
@ o'(e) = o(e) for all e ¢ E(K).

For every e € L and L K £ T there's a cycle in F(r) that's a subset of
K and contains e.

2%



» Dhoes every one-ended bipartite Borel graph satisfy 5, = A[G)?

e Does every bipartite d-regular Borel graph that admits a connected
toast have a Borel perfect matching?
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